Abstract-Proton therapy treatment techniques continue their steady development from passive scattering to 3-D multi-field scanning modalities. As the demands for faster and more accurate treatment increase, the requirements and tolerances on beam delivery technologies become more stringent. Fundamental physical limits (energy straggling and multiple Coulomb scattering) ultimately limit treatment performance parameters, even for an ideal accelerator and nozzle system. This paper calculates how few independent beam delivery control points are needed in a tumor in order to perform the sharpest possible stereotactic surgery, with 1% integrated dose flatness.
I. INTRODUCTION

M
OST contemporary proton therapy beamlines use passive scattering nozzles [1] . In this mode the incoming beam passes through a significant amount of matter in "beam spreaders", just before entering the patient. These spread the transverse profile of the beam, in order to deliver a broad and flat dose distribution to a tumor at the end of the proton beam range. They also inevitably increase the energy spread of the beam, resulting in a broader range distribution. Fixed energy proton sources (such as cyclotrons) also require "energy degraders" in the beam, to independently tune the average energy (and range) of the beam delivered to the patient. Some advanced beamlines use active scanning techniques to deliver a radiation dose that conforms much more closely to the contours of the tumor. Figure 1 (LEFT) shows how the total dose to the patient is gradually built up in many "range layers", each corresponding to one particular average beam energy. The beam is scanned laterally in two dimensions by adjusting steering magnets, to best fit the outline of the tumor at that depth. Then the energy is reduced slightly, and the next energy layer is scanned. Conformal treatment succeeds because there is less material in the beamline -the lateral and longitudinal dose distributions are much narrower for each beam delivery. The oncologists "knife" is much sharper in active scanning, within limits that apply even for a perfect proton source.
This paper assumes a perfect incoming beam that has negligible energy spread and negligible emittance (lateral size), regardless of whether the proton source is a cyclotron or a synchrotron, extraction is fast or slow, et cetera. The sharpness of the knife is then limited by the physics of proton passage through matter. For example, Figure 1 (RIGHT) illustrates how energy straggling leads to a finite spread in range and a somewhat blurry Bragg peak for a single beam delivery, while multiple Coulomb scattering broadens the beam.
Active scanning can be performed in various ways. A continuous beam from a cyclotron, or slowly extracted from a synchrotron, may pause at a sequence of control points in each energy layer, quickly moving to the next point when enough local dose has been accumulated. Alternatively, fast extracted beam pulses can be delivered to each control point, one after the other. In many clinical cases the dose distribution is enhanced if beam is delivered to the same set of control points from more than one direction, or "field". Some facilities choose to pass over the same set of control points multiple times. 
stereotactic surgery (limited only by the physics of proton interactions with matter) with 1% integrated dose flatness?"
An accurate answer to this question necessarily depends on the detailed properties of each individual tumor, and needs thorough application of a treatment planning system. The approximate answer given in this paper is nonetheless instructive, for example in the way that it scales with tumor volume for simple geometries.
A. Straggling and multiple Coulomb scattering
Protons deposit much of their energy and dose in a Bragg peak at the end of their range. The widths of the individual Bragg peaks in Figure 2 are due solely to energy straggling statistical fluctuations that accumulate as the protons traverse the patient, with no contribution from the energy spread of the incoming beam [2] . Figure 2 also shows how a longitudinal dose distribution with 1% flatness accumulates at a depth of about 20 cm in water when the beam energy is scanned in 3.4 MeV steps that are much larger than the RMS energy width of about 1.4 MeV. Figure 3 shows how RMS range straggle and maximum step size vary as function of penetration depth in water.
Similarly, multiple Coulomb scattering fluctuations cause the transverse beam size to grow and become significant, even for an ideal incoming beam with zero initial size. Figure 4 shows the evolution of the RMS transverse size of the beam, for a set of initial kinetic energies spaced by 50 MeV [2] .
II. VARIABLE FOCUSING NOZZLE Figure 5 shows the transverse dose that accumulates when a sequence of Gaussian beam deliveries of varying size and intensity overlap. The spacing between the centers of deliveries b and b + 1 is set to be
where σ b is the RMS size of the b'th delivery. This spacing ensures that the accumulated dose is flat to better than 1%. The total transverse beam size for each beam delivery, or pixel, is determined by two components that add in quadrature -the multiple scattering beam size σ MS and the optical beam size σ OP T -so that
The optical beam size
depends on both the unnormalized RMS emittance -the intrinsic size of the source beam -and the magnetic optical settings of the gantry and nozzle, represented by the "beta function" β at the tumor. Figure 6 shows two settings of a variable focusing nozzle that is capable of varying β over more than a factor of 100, corresponding to a dynamic range in the optical beam size σ OP T of more than 10. (This particular gantry and nozzle also provide a transverse scanning field of ±20 cm [3] .) It is necessary to be able to achieve
in order to be able to achieve the smallest possible beam size. Thus the requirement on the beam delivery system is Figure 7 shows a reasonably realistic model of a tumor that has the virtue of being straightforward to analyze. The tumor has the same cross section throughout its entire depth of distance D -it is a prism. Different energy layers of the tumor are irradiated in sequence, by varying the energy of the incoming beam in steps. The area A of each tumor layer and its perimeter length C are conveniently associated through
III. TUMOR PRISM MODEL
by introducing a form factor
that measures the complexity of the convolutions around the perimeter of the layer, where the beam pixels are at their smallest. It attains the value of f = 1 only for a perfect circle. Figure 8 schematically represents a small section of the perimeter, showing how overlapping contours of constant size pixels are linked together. The pixel size increases for contours further from the edge of the layer, so that the total number of pixels within the "skin depth" is given by
where b S is the number of the contour at which the pixel size effectively reaches its maximum. This can be rewritten as
where the dimensionless "integrated linear density" depends only on how fast the pixel sizes of successive contours converge to their final maximum value. The convenient form
is found by substituting Equation 6 into Equation 9.
In the rest of the layer, away from the skin depth, there are approximately
pixels, where M is the dynamic range of the pixel size The total number of pixels per energy layer is dominated by the number of small pixels that are required to give a sharp edge around the perimeter, if
This condition is met if the dynamic range is large enough
Substituting Equation 6 into Equation 15
gives the alternate convenient form
This condition is not hard to meet in practice, as will be seen below. If the energy layers are uniformly spaced by ∆, then about
different energies are required to scan the entire depth of the tumor. Thus the grand total of the number of control points, or voxels, required to irradiate the tumor is about
which can also be written
in a more convenient form.
Skin depth
Tumor surface 
IV. A TYPICAL CONTOUR SIZE SERIES
One of many plausible contour size series is
as shown in Figure 9 (TOP). 
Thus the approximate number of pixels in each energy layer is
while the condition for the number of pixels in the core to be negligible is
and the total number of voxels required is
It is interesting to evaluate these quantities in a numerical example.
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V. LARGE AND SMALL TUMORS
Suppose that a tumor prism has a total depth D = 10 cm and a cross sectional area A = 100 cm 2 , for a total volume of 1 liter -this is an unusually large tumor. If the tumor is located at an average depth of about 20 cm, then σ MS ≈ 0.5 cm, and
The number of pixels in the core of each layer is insignificant by comparison to the number in the skin if
showing that not much dynamic range is needed, even for the largest tumors. Figure 3 shows that it is possible to space the energy layers by about ∆ = 0.7 cm at an average depth of about 20 cm, while still maintaining 1% cumulative dose flatness. Thus there are about N E = 14 energy layers, and about 
voxels, or control points, in total.
VI. CONCLUSIONS
For a simple model of a tumor shaped like a prism, about 1,000 independent control points are needed to perform the sharpest possible stereotactic surgery, limited only by the physics of proton interactions with matter, with 1% integrated dose flatness. This assumes that a modest adjustment of the lateral size of the beam at the tumor is possible, so that the edges of the tumor receive the sharpest possible beam distributions.
